UNIVERSITY  OF 

ILLINOIS  LIBRARY 

AT  URBANA-CHAMPAIGN 

BOOKSTACKS 


H 
or 

V 


JUST 


THE  HECKMAN  BINDERY,  INC. 
North  Manchester,  Indiana 


FONT 


SLOT        TITLE 


H  CC    1W 


H  CC   1W 


H   CC    1W 


7W 


JULTY 
^  -RKING 
19  PAPER 

8  1984 

7  NO. 1050-1070 

330 

B385<"CV"> 
no. 1050-1070 
cop.  2 

<IMPRINT> 
U.  Of  ILL. 
LIBRARY 
URBANA 


m 


BINDING  COPY 


PERICECAL     D  CUSTOM         D  STANDARD       D ECONOMY        J  THESIS 
BOOK      D  CUSTOM  D  MUSIC  D ECONOMY      |      AUTH.  1ST    D 


ACCOUNT       LIBRARY     NEW 

66572    001 

ACCOUNT  NAME 


RUBOR     TITLE  ID 
SAMPLE 


NO.  VOLS. 
THIS  TITLE 


6632 


FOIL 

WHI 


COLOR 


UNIV  OF  ILLINOIS 

ACCOUNT  INTERNAL  I.D. 


2400 

I.O,  #2  notes 

STX4 

COLLATING 

35 


ADDITIONAL  INSTRUCTIONS 


BINDING  WHEEL 

FREQUENCY 


SYS  I.D. 


/ 


V 


39 


Dept=  emo-[BD  W/O  NO. 1054, 105 

BIND   ]  )    Lot=201    TfM^lls   HH 

zy#  mark  b:  #  b4. 


SEP.  SHEETS 


PTS.  BD.  PAPER 


TAPE  STUBS 


CLOTH  EXT 


GUM 


INSERT  MAT. 


SPECIAL  PREP. 


STL 


LEAF  A 


PRODUCT  TYPE 
11 


ACCOUNT  LOT  NO. 

)1 

ACCOUNT  PIECE  NO. 


HEIGHT 


GROUP  CARD 


118 


COVER  SIZE 

X 


titlf: 


PIECE  NO. 


HV365 


0010791 


JO 

385 

162   COPY   2 


FACULTY  WORKING 
PAPER  NO.  1062 


The  Equilibrium  APT  and  Optimal 
Portfolio  Decisions 

Hun  Y.  Park 
K.  John  Wei 
Cheng  F.  Lee 


«*  iB  1984 

URBANA-CHAMPAIGN 


College  of  Commerce  and  Business  Administration 
Bureau  of  Economic  and  Business  Research 
University  of  Illinois,  Urbana-Champaign 


BEBR 


FACULTY  WORKING  PAPER  NO.  1062 
College  of  Commerce  and  Business  Administration 
University  of  Illinois  at  Urbana-Champaign 
July  1984 


The  Equilibrium  APT  and  Control  Portfolio  Decisions 


Hun  Y.  Park,  Assistant  Professor 
Department  of  Finance 

K.  John  Wei 
University  of  Mississippi 

Cheng  F.  Lee,  Professor 
Department  of  Finance 


The  Equilibrium  APT  and  Optimal  Portfolio  Decisions 

Abstract 

The  optimal  portfolio  decision  problems  have  generally  been  ignored 
in  the  arbitrage  pricing  theories,  mainly  due  to  the  derivation  methods 
assuming  the  existence  of  a  security  market  with  infinite  assets  and 
investors  holding  well-diversified  portfolios.   This  paper  develops  the 
equilibrium  APT  using  the  utility  maximization  approach,  taking  into 
account  the  portfolio  decision  explicitly  and  compares  it  with  the 
Ross's  APT  and  the  CAPM  of  Merton  and  Long.   In  particular,  it  is 
demonstrated  that  the  Ross's  APT  is  a  special  case  of  the  equilibrium 
APT  only  under  the  assumption  of  perfect-diversification  in  the 
infinite-assets  market.   However,  if  this  unrealistic  assumption  is 
relaxed,  the  equilibrium  APT  becomes  either  Long's  or  Merton's  CAPM 
and  the  market  portfolio  plays  a  prominent  role  in  pricing  assets. 
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The  Equilibrium  APT  and  Optimal  Portfolio  Decisions 

As  an  alternative  to  the  capital  asset  pricing  model  (CAPM),  the 
arbitrage  pricing  theory  (APT)  has  been  proposed  by  Ross  [10,11]  and 
extended  by  Huberman  [5],  Chen  and  Ingersoll  [2]  and  others.    One  of 
the  reasons  that  the  APT  is  generally  accepted  as  a  plausible  alterna- 
tive to  the  CAPM  is  that  the  market  portfolio  does  not  play  special 
role  in  the  APT  whereas  the  identification  of  the  true  market  portfolio 
is  critical  for  testing  the  validity  of  the  CAPM  (see  Roll  [8]).   How- 
ever, the  optimal  portfolio  decision  problem  of  risk  averse  investors 
has  never  been  explicitly  discussed  in  the  APT  world.   The  reason  may 
be  that  the  derivation  methods  of  the  APT  exploits  the  concept  of  a 
large  security  market  only  from  the  perspective  of  an  investor  who 
holds  a  well-diversified  portfolio.   This  paper  demonstrates  that  the 
APT  of  Ross  can  be  derived  using  an  optimization  technique  and  thus  the 

optimal  portfolio  decision  can  be  explicitly  taken  into  account  in  the 

2 
process.    In  addition,  the  APT  developed  in  this  paper  (we  will  call 

it  "equilibrium  APT")  is  related  to  the  CAPM  in  the  market  of  both 
infinite  assets  and  finite  assets. 

The  purpose  of  this  paper  is  multifold:   First,  this  paper  develops 
the  general  equilibrium  APT  using  the  utility  maximization  approach. 
Second,  it  is  shown  that  the  Ross's  model  is  a  special  case  of  the 
equilibrium  APT  when  a  risk-averse  investor  is  assumed  to  hold  a  well- 
diversified  portfolio  of  many  assets.   Third,  this  paper  demonstrates 

that  the  market  portfolio  plays  an  important  role  in  the  APT  if  the 

3 
assumption  of  perfect  diversification  is  relaxed.    Fourth,  relatedly, 


the  equilibrium  APT  developed  in  this  paper  is  shown  to  be  in  the  same 
spirit  as  the  intertemporal  CAPM  of  Merton  [7]  or  the  raultif actor  model 
of  Long  [6].   In  addition,  the  fund  separation  theorems ( k+1 ,  and  k+2 
funds  separation  theorems)  are  developed.   The  equilibrium  APT  in  this 
paper  is  a  general  and  linear  factor  model  without  any  approximation 
asmentioned  by  Ross  [10,11]  or  the  assumption  of  a  risk-averse  agent 
holding  a  well-diversified  portfolio  (see  Chen  and  Ingersoll  [2]). 

Section  I  derives  the  equilibrium  APT  using  the  utility  maximization 
and  compares  it  with  the  Ross's  model.   Section  II  discusses  the  port- 
folio decision  problem  and  develops  the  k+1  fund  separation  theorem  in 
the  APT  world.   Section  III  discusses  the  equilibrium  APT  in  the  finite- 
assets  market  and  develops  the  k+2  fund  separation  theorem.   In  partic- 
ular, it  is  shown  that  the  market  portfolio  plays  a  prominant  role  in 
pricing  capital  assets  when  the  assumptions  of  perfect  diversification 
is  relaxed.   A  brief  conclusion  is  contained  in  the  last  section. 

I.   Utility  Maximization  and  the  Equilibrium  APT 

We  assume  that  the  capital  markets  are  perfectly  competitive  and 
f rictionless .  Individuals  are  assumed  to  believe  homogeneously  that 
random  returns  on  the  underlying  assets  are  generated  by  a  linear  K- 
factor  model  of  the  form: 


Rlt  =  E1+  bilfit  +  •••  +biKfKC+  »lf  (U 


where   R.   =  the  random  return  on  security  i  during  period  t, 
E.  =  the  expected  return  on  security  i, 
b..  =  the  factor  loading  of  security  i  on  factor  i, 
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f.   =  the  factor  score  on  systematic  factor  j  during  period  t, 

e.   =  the  random  error  term, 
it 

The  factor  scores  have  mean  zero  and  are  assumed  to  be  mutually  inde- 
pendent and  independent  of  random  error  terms.   The  random  error  terms 
are  assumed  to  have  mean  zero  and  to  be  mutually  independent.   We  also 
assume  that  all  investors  are  risk-averse,  single  period  maximizers  of 
expected  utility,  and  returns  on  common  factors  and  on  securities 
follow  a  multivariate  normal  distribution.4  Given  the  K-factor  return 
generating  process  for  n  risky  assets  as  shown  in  equation  (1)  and  a 
risk-free  asset  if  it  exists  (referred  to  0-th  asset),  the  return  for 
any  portfolio  of  the  investor  p  with  a  composition  of  X_  with  (X_  )  'JL_  =  1 
can  be  given  by 

RP  =  (XP),^+  (XP)'Bf_+  (2LP)'e_  (2) 

where  3  is  a  nxk  matrix  of  b...   Further,  we  assume  that  portfolio  cash 
flows  for  the  investor  p  are  generated  at  the  end  of  the  period.   Under 
the  above  assumptions,  the  investor's  utility  is  only  a  function  of  the 
mean  and  variance  of  his  end-of-period  cash  flows,  the  covariance  of 
his  end-of-period  cash  flows  with  returns  on  common  factors,  and  his 
current-period  consumption.   His  utility  function  can  be  written  as 
follows : 

UP{E(WP),Var(WP),Cov(WP,J),cP} 

We  will  drop  the  superscript  p  throughout  this  paper,  except  where 
required  for  clarity.   Let  us  assume  that  the  portfolio  chosen  by  the 


investor  is  well  diversified,  that  is,  X_'jL  =  (-)#    Then,  W,  E(W), 
Var(W),  and  Cov(W,_r_)  can  be  defined  by 

W  -  W(l  +  RP)  =  W(l  +  X_'E_  +  X_'B_f)_ 

E(W)  =  W(l  +  E(RP))  =  W(l  +  X_'E_) 

Var(W)  =  (W)^Var(RP)  =  (W)  (X'BDB'X) 

Cov(W,jy  =  WX'BD 

where  D_  =  a  kxk  diagonal  variance-covariance  matrix  of  returns  on 
common  factors,  _f_, 
X_  =  a  nxl  vector  of  assets  weights  held  by  the  investor, 
W  =  the  wealth  allocated  to  all  assets  for  the  investor, 
W  =  the  end  of  wealth  for  the  investor. 

Let  us  denote  W_  as  the  total  initial  wealth  for  the  investor.   Now, 
the  problem  for  the  investor  is  to  find  the  set  of  weights,  X_>  an<^  con- 
sumption, c,  which  maximize  his  expected  utility  subject  to  his  budget 
constraint.   That  is, 

Max   E[u(E(W),Var(w),Cov(W,J_),c}]  (3) 

{X,c} 

subject  to  W  +  c  =  W  and  X_'J_  =  1. 

Now,  we  can  solve  the  individual's  constrained  optimization  by 
forming  the  Lagrangian  function,  L,  from  (3)  as  follows: 

L  =  E[u{E(W),Var(W),Cov(W,jO,c}]  +  q^W^   -  W  -  c) 

+  q2(--~  i)  <4) 
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where  q   and  q.  are  Lagrangian  multipliers.   Taking  partial  derivatives 
with  respect  to  X_  and  c,  and  equalling  them  to  zero,  we  have 

2 
WlIE  +  2W  U^BDB'X  +  WBDU  _  -  q„l  =  0  (5) 

1—      2 r    2 — 

3Su73c  -  q  -  0  (6) 

In  equation  (5),  U  =  3EU/3E(W),  U  =  3EU/3Var(W),  and  U^  =  3EU/3Cov(W,_f ) 
The  Lagrangian  multipler  q1  in  (4)  is  defined  as  the  rate  of  change  of 
the  maximum  value  of  EU  in  (3)  with  respect  to  a  small  increase  in  the 
invested  wealth  W,  that  is,  q..  =  dEU/dW.   Inserting  this  definition 
into  (6),  we  get  3EU/3c  =  dEU/dW.   This  is  the  envelope  condition  to 
equate  the  marginal  utility  of  current  consumption  to  the  indirect 
marginal  utility  of  wealth  for  future  consumption. 

Assuming  that  the  expected  return  on  the  zero-beta  portfolio  with 
weights  of  X_  ,  or  the  risk-free  asset  (if  it  exists),  is  E_,  equation 
(5)  pre-multiplied  by  (X°)'  and  setting  (X°)'B_=  0/  and  (X°)'^L  =  1,  we 
obtain  q„  =  WU  E..   Substituting  this  result  back  into  (5)  and  rear- 
ranging, we  have 

TP(E_  -  EqIJ  =  BDB'XPWP  -  BDHP  (7) 


wh 


ere  T  =  -Uw'2U^,  a  measure  of  absolute  risk  tolerance,  and 


H^  =  -U_^/2U  .   Summing  up  (7)  for  all  investors  in  the  market  and 
rearranging, 


L  ~   Eq1  =  BDB'X^I/t"1  -  BDlT/Tm 

=   B[DB*XmRm  -   DhWm]  (8) 
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where  X_  is  the  weight  of  the  market  portfolio,  M  is  the  total  market 


„tn 


.ra 


value  of  all  assets,  T  =  ZT^,  R  =  M/T  ,  and  H '  =  ZYT .   Here,  we  can 
consider  T  and  R  as  the  market  absolute  risk  tolerance  and  the  market 


relative  risk  aversion,  respectively. 

The  portfolio  whose  return  is  perfectly  correlated  with  common 
factor  j,  with  weights  vector  JC  ,  has  the  following  properties: 
1  ).  (X_J )  ' j$_,  a  row  vector,  which  has  zero  elements,  except  for  the  j-th 
column  which  is  unity   and  2  )4  (X  )  TE  ■  E .   We  call  these  portfolios 
the  fundamental  portfolios  (or  fundamental  funds).   Then,  pre- 
mulitplying  (8)  by  ( X_  ) ' ,  we  have 


E  -   E(ji  "  DB_'X>m  -  DHV/M 


lm  1 


b.  o2 


2 

km  k 


m 


a^h1/M 


a:hm/M 
J  J 


«<» 


(9) 


f     1      k     2 
where  _E_  =  [E  ,...,E  ]';  a.  is  the  local  variance  of  the  return  on 


m 


factor  j;  b  =  B'X';  b.  ,  the  j-th  element  of  b  ,  is  the  factor  loading 
— jm  — 

of  the  market  portfolio  on  factor  j;  and  h.  is  the  j-th  row  of  H_  .   Let 

us  denote  the  market  risk  premium  for  factor  i,  \.    =    (E  -  E„).   Then 

j  0 

equation  (9)  can  be  written  as 


\.   =  Ej  -  En  =  [b.   -  hm/M]Rma2 
J         0     jm    j      j 


(10) 
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in  which  the  market  risk  premium  for  factor  j  is  proportional  to  its 
variance,  and  the  market  relative  risk  aversion.   If  the  investor's 
utilitv  is  not  a  function  of  common  factor  j,  and  if  b.   is  normalized 
to  one,  the  market  premium  for  factor  j  is  only  the  product  of  its  own 
variance  and  the  relative  market  risk  aversion. 

Substituting  (9)  into  (8)  for  the  individual  security, 

E.  -  E  =  b.-CE1  -  E.)  +  ...  +  b.,  (Ek  -  E_) 
l    0    ll       0  lk       0 

=  b.,  X,  +  ...  +  b.,  X,  (11) 

lk  1  lk  k 

It  can  be  seen  that  equation  (11)  is  the  same  as  the  APT  derived  by 
Ross  [10,11],   However,  through  the  approach  adopted  in  this  paper, 
we  can  take  into  account  the  optimal  portfolio  decision  problems 
explicitly  and  investigate  the  factor  risk  premiums  from  (10)  simul- 
taneously. 

II.   Optimal  Portfolio  Decisions  and  the  Fund-Separation  Theorem 

To  investigate  the  portfolio  decision  for  the  investor  p,  we  need 
to  find  optimal  weight  of  each  asset  in  his  portfolio  from  (7). 
Because  the  rank  of  the  nxn  matrix  BDB'  is  k,  which  is  less  than  n, 
the  inversion  of  BDB '  does  not  exist.   However,  we  can  form  the  k  inde- 
pendent and  simultaneous  equation  system  from  (7)  by  matrix  inversion, 
as  follows: 

b_'x_p  =  d^cb/bTVol  -  EqIKtP/wP)  -  Hj7wp  (12) 

Because  there  are  n  unknown  variables  for  X.P  but  onl^  k  independent 
equations  in  (12)  and  k  <  n,  the  solutions  of  this  equation  system  are 


infinite.   However,  we  can  get  a  unique  solution  based  upon  the  k  fun- 

f     1      k 
damental  portfolios  as  defined  before.   Def  ine  _X_  =  [X_  ,  . . . , X_  ] .   Then, 

can  be  expressed  by  the  following  linear  combination  of  X_     by 

post-multiplying  the  kxl  unique  transformation  vector  0_  with  (0_  )'_1_=1: 

X_P  =  Xf  Q.P  ( 13  ) 

Below  can  be  seen  that  C£   must  be  a  unique  vector  for  the  investor  p. 
By  substituting  (13)  into  (12)  and  rearranging,  we  obtain  the  unique 
solution  of  0_  based  on  _X_  as  follows: 

0°  =  U,X_f)"V"1(B_,B_)"V(E_  -  E^IHtP/wP) 

-  (B'Xf)"1(HP/WP)  (14) 


which  is  a  function  of  his  wealth  and  preference. 

THEOREM  ("k+1  Fund"  Theorem) 

Given  n  risky  assets  whose  returns  are  generated  by  a  k-factor 
linear  model  of  equation  (1)  and  a  risk-free  asset  (if  it  exists, 
assign  it  to  the  0-th  asset),  and  if  the  assumption  of  a  well  diver- 
sified condition  holds  for  every  investor,  then  there  are  k+1  port- 
folios (mutual  funds)  such  that:   All  risk-averse  investors,  who  are 
expected  utility  maximizers,  will  be  indifferent  between  choosing 
portfolios  from  among  the  original  assets  or  from  these  k+1  funds; 
the  proportions  of  each  fund  invested  in  the  individual  assets  depends 
only  upon  the  parameters  [E,En,B,D,E  ]  and  not  on  the  investors' 
preferences;  the  investor's  demand  for  the  funds  depends  neither  on 
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the  knowledge  of  the  investment  opportunity  set  of  individual  assets 
nor  the  information  on  asset  proportions  held  by  the  funds. 

PROOF 


From  (12)  to  (14),  we  know  that  the  investor  p  is  indifferent  about 

choosing  among  the  original  assets  or  the  k  fundamental  portfolios  plus 

9 

the  risk-free  asset  (or  a  zero-beta  portfolio).    Part  1  of  the  theorem 

is  proved. 

Obviously,  the  fundamental  portfolios  are  independent  of  investor's 
preference,  so  we  prove  part  2  and  3  of  the  theorem.   However,  from 
(14),  the  investor  allocates  his  wealth  to  the  k+1  funds  depending  upon 
his  utility  function  and  his  wealth.  O.E.D. 

This  theorem  applies  to  each  investor.   The  corollary  below  shows 
that,  in  equilibrium,  each  investor  is  indifferent  between  holding  the 
original  assets  and  the  k+1  funds. 

COROLLARY 


In  equilibrium,  every  investor  behaves  as  if  he  allocates  his 
wealth  to 

(1)  the  risk-free  asset  (Fund  0),  and 

(2)  the  k  hedging  funds  (Funds  1,...,  k) . 

PROOF 


From  (12)-(14),  any  investor's  optimal  portfolio  can  be  replaced 
by  a  nonsingular  linear  combination  of  the  k+1  funds.   The  market  port- 
folio is  simply  an  aggregation  of  all  investors'  optimal  portfolios. 
Starting  from  (8),  we  can  prove  that  there  exists  a  unique  k  vector 
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0_  to  transform  the  market  portfolio  of  risk  assets  into  the  k  fun- 
damental portfolios  by  using  the  similar  procedures  of  (14)  as  follows 

0™  =  (j^VV^B/bT1^-  E0J_)Rm  -  (JTxVVVm.        (15) 

Therefore,  the  market  portfolio  of  the  risky  assets  is  a  linear  com- 
bination of  the  k  hedging  funds.  Q.E.D. 


From  the  theorem  and  its  Corollary,  we  can  see  that  the  market 
portfolio  plays  no  important  role  in  the  portfolio  selection,  and  that 
the  market  portfolio  may  not  necessarily  be  one  of  the  k  fundamental 
funds.   This  result  further  proves  the  arguments  pointed  out  by  Roll 
and  Ross  [9],  and  Ross  [10,11]  about  the  function  of  the  market  port- 
folio in  the  APT. 

III.   The  Equilibrium  APT  in  the  Finite-Assets  Market 

The  previous  section  has  demonstrated  that  the  market  portfolio 
plays  no  prominent  role  in  asset-pricing  if  investors  hold  well- 
diversified  portfolios  in  the  infinite-assets  market.   However,  if  the 
portfolio  chosen  by  the  investor  with  weights  of  X_  is  not  well  diver- 
sified,  which  is  a  more  general  case,  then  Cov(W)  =  (W)"_X'V   X,  where 

V    is  a  nxn  variance-covariance  matrix  of  returns  on  all  risky  assets, 
— aa 

Under  this  general  situation,  following  the  above  procedures,  the 
equations  corresponding  to  those  of  (8),  (9),  and  (11)  can  be  written 
as  follows: 


E   -   Ea1    =  \       XV  -   BDHV7M 
—         0 —      — aa—  


=    a       Rn-   BDHV/M  (16) 

—am  
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Em  -   E, 


E      -   El 


2 

m        mi 


im        1 


■W  °-  • 


,    <* 


mk 


,   o 


•Rmh™/M 


■rV/m 

k 


=   S 


R 

-hY/m 


(17) 


E    -  EA1   =    (V       ,BD)Z 
—      — 0 —         — aa 


-1 


Em  -    E, 


E      -    Eq1 


.,mf 


Em  -    E. 


1-   "  Eai 


(18) 


m  2 

where   E      is    the   expected   market    return,    a     is    the   variance   ot    the 

m 

market  portfolio,  and  8    ,  is  a  nx(k+l)  matrix  of  multiple  regression 

— a  ,mr 

betas  for  all  assets  on  the  market  and  on  the  assets  perfectly  corre- 
lated with  the  changes  of  the  common  factors.   Since  the  market  port- 
folio is  in  general  correlated  with  the  common  factors,  8    c   *    (8  ,B), 
°  — a,mf    —a  — 


where  8  are  the  beta  coefficients  in  the  CAPM.   If  and  only  if  the 


-12- 

market  portfolio  is  independent  of  all  common  factors,  the  equality 
holds. 

It  is  important  to  note  that  the  risk  premium  for  common  factor  j 
of  (17)  is  somehow  different  from  (9).   The  market  risk  premium  is  a 
function  of  the  variance  of  the  market  portfolio,  the  market  relative 
risk  aversion,  the  variances  of  the  common  factors,  and  the  correla- 
tions between  the  market  portfolio  and  the  common  factors.   More  impor- 
tantly, we  can  see  that  the  equilibrium  APT  of  (18)  holds  even  in  the 
world  of  finite  assets.   However,  the  market  portfolio  will  play  an 
important  role  in  the  market  equilibrium  APT  world,  if  the  assumption 
of  perfect  diversification  does  not  hold. 

In  addition,  given  the  assumption  that  the  inversion  of  V   exists 
in  (16),  the  "k+2"  fund  instead  of  the  "k+1"  fund  separation  theorem  is 
developed  since  any  portfolio  X   is  just  a  linear  combination  of  the 
market  portfolio,  the  risk-free  asset,  and  the  k  fundamental  funds.   In 
this  case,  the  market  portfolio  can  no  longer  be  expressed  by  a  linear 
combination  of  the  k  fundamental  funds,  so  one  of  the  k+2  funds  must  be 
the  market  portfolio. 

In  this  sense,  the  equilibrium  APT  can  be  regarded  as  being  equiva- 
lent to  Long's  CAPM,  so  that  the  former  is  subject  to  the  same  criti- 
cism of  the  latter:   the  requirement  of  identification  of  the  common 
factors  and  the  market  portfolio.    Nevertheless,  the  empirical  evi- 
dence that  the  market  portfolio  plays  a  major  role  in  a  linear  factor 
model  indicates  at  least  that  the  equilibrium  APT  is  more  appropriate 
than  the  Ross  APT  in  describing  the  return-risk  relation  of  capital 
assets  (see  Wei  [12]). 
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IV.   Conclusion 

The  Ross's  APT  and  its  extensions  have  in  general  ignored  the 
optimal  portfolio  decision  problems  of  risk-averse  investors,  mainly 
because  the  derivation  methods  of  the  APT  exploits  the  concept  of  a 
large  security  market  only  from  the  perspective  of  an  investor  holding 
a  well-diversified  portfolio.   This  paper  has  developed  the  equilib- 
rium APT  using  the  utility  maximization  approach,  taking  into  account 
explicitly  the  portfolio  decision  problem.   The  equilibrium  APT  is  a 
general  and  linear  factor  model  without  any  approximation  of  the 
Ross's  model  or  the  assumption  of  a  risk-averse  agent  holding  a  well- 
diversified  portfolio.   This  paper  has  shown  that  the  Ross's  model  is 
a  special  case  of  the  equilibrium  APT  when  investors  are  assumed  to 
hold  well-diversified  portfolios.   Of  particular  interest  is  that  the 
market  portfolio  plays  an  important  role  in  asset-pricing  if  the 
assumption  of  perfect  diversification  is  relaxed.   In  addition,  the 
equilibrium  APT  developed  in  this  paper  is  demonstrated  to  be  in  the 
same  spirit  as  either  Long's  or  Merton's  CAPM.   Finally,  the  fund 
separation  theorems  have  been  derived  from  the  equilibrium  APT. 

For  the  given  empirical  evidence  that  the  market  portfolio  plays  a 
prominent  role  in  a  linear  factor  model,  we  argue  that  the  equilibrium 
APT  is  more  general  and  appropriate  than  the  Ross's  APT  in  pricing 
capital  assets. 
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Footnotes 

See  Dybvig  and  Ross  [4]  for  a  support  of  the  APT  and  a  complete 
bibliography  of  articles  on  the  APT.   See  also  Shanken  [12]  for  a  cri- 
ticism of  the  APT. 

2 
The  APT  of  Ross  [10,11]  was  originally  appealing  since  it  did  not 

rely  on  constrained  optimization  technique.   However,  for  the  same 

reason,  it  has  a  disadvantage  of  omitting  the  explicit  consideration  of 

individuals'  portfolio  selection  problems. 

3 
Connor  [3]  independently  derives  a  competitive  APT,  in  which  the 

market  portfolio  is  also  included. 

4 
All  of  the  results  in  the  paper  have  also  been  derived  in  a 

continuous-time  framework.   They  will  be  available  upon  request  to  the 

authors. 

For  simplicity,  we  assume  here  for  a  moment  that  there  does  not 
exist  a  risk-free  asset.   It  is  easy  to  generalize  from  the  result  in 
the  absence  of  a  risk-free  asset  to  the  case  that  a  risk-free  asset 
exists  simply  assuming  that  the  weight  of  the  portfolio  includes  the 
risk-free  asset. 

In  section  III,  this  assumption  will  be  released. 

This  is  similar  to  the  result  derived  from  the  intertemporal  CAPM 
of  Merton  [7] . 

o 
Breeden  [1]  has  shown  that  it  is  not  required  to  have  a  perfect 
correlation  between  the  portfolio  return  on  fund  j  and  the  change  in 
state  variable  j.   It  is  sufficient  to  derive  the  model  with  the  maxi- 
mum correlation  between  the  return  on  fund  j  and  the  change  in  state 
variable  j.   Even  though  the  above  argument  is  directly  applied  to  the 
intertemporal  CAPM,  it  is  also  applied  to  the  linear  factor  model  in 
this  paper. 

Here  we  assume  X   is  the  portfolio  of  only  risky  assets  and  the 
weight  of  the  risk-free  asset  can  be  derived  from  1— X  1 .   However,  the 
constraint  of  equation  (3)  is  replaced  by  X__l_  +  X^  =  1. 

10 

In  a  continuous-time  framework,  this  model  can  be  regarded  as 

Merton' s  intertemporal  CAPM. 
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